A topological semiring is a Hausdorff space 5 together with two continuous associative operations on 5 such that one (called multiplication) distributes across the other (called addition).
That is, x(y-\-z) =xy-\-xz and (x+y)z = X2+ys for all x, y, and z in 5. Note that, in contrast to the purely algebraic situation
[l], [2], we do not postulate the existence of an additive identity which is a multiplicative zero.
In this note we characterize compact additively commutative semirings which are multiplicatively left zero simple. This is accomplished by first examining semirings which are multiplicatively groups with zero and then proceeding to the general situation. For other remarks on compact semirings the reader is referred to [3] , [4] . The notation follows closely that of topological semigroups [5] .
An additive (a multiplicative) ideal of a semiring 5 is a nonempty set J such that 5+JVJJ-\-SCZJ(SJyJJS(ZJ)-By a group with zero we mean a semigroup 5 having a zero 0 (i.e. Ox = xO = 0 for all x in 5) such that 5\{0} is a group. Here, of course, 0 is a maximal proper ideal. It is well known that, in compact semigroups, maximal proper ideals are open [6] .
Theorem
I. In a compact additively commutative semiring S which is multiplicatively a group with zero, one of the following holds: We shall now show that 5\ {0} is discrete. To see this choose x=^0 and note that if {x} is not open then there exists a net {xa}->x such that xa9^x for all a. Now x«+x = 0 for all a. But, by continuity of addition, {xa+x} ->x+x which is x. Thus x = 0. This is a contradiction so {x} is an open set for x?^0. On the other hand, 5\}o} is a maximal multiplicative group and thus closed. Thus {o} is open and 5 is discrete. Now since 5 is compact it is finite. This completes the proof.
With the aid of Theorem I we are able to make a more general assertion in preparation for which we shall mention a lemma and two examples. A semigroup 5 is said to be left zero simple if 5 has a zero element 0 and each left ideal of 5 is either 5 or 0. Recall that a left ideal of 5 is a nonempty subset L of 5 such that SLCZL.
Lemma. If S is a left zero simple semigroup having more than two elements then 5\{o} is a left simple semigroup.
The proof of this lemma is straightforward and can be found in [8, p. 68 ] . Of course, if 5 is compact then so is 5\ {0}, since {0} is a maximal proper ideal. Example I. Let (5, +) be a compact commutative idempotent semigroup with an isolated unit 0 (i.e. 0+x = x+0 = x for all x in 5).
For each x and y in 5 such that xj^O^y, define xy = x. For each x in 5, define x0 = 0x = 0. It is a simple matter to check that (5, +, •) is a semiring and we shall omit the argument. 5 is the semiring in which we are interested.
If A is a closed ideal of a compact semigroup 5 then we can define a closed congruence a by identifying the points of A. This induces a semigroup S/a which is also called S/A [7] . We define S/A in a similar way in case A is a closed multiplicative and additive ideal of a compact semiring 5. Example II. Let (E, +) be a compact commutative idempotent semigroup with isolated zero 0 (i.e. 0+x = x+0 = 0 for all x in E). Suppose sj^O. By the lemma 5\|0{ is multiplicatively a simple semigroup and thus the union of multiplicative groups [5] . Hence z is in some multiplicative group. If e is the identity of this group, we have ez = ze = z so that zz = (z+e)z = zz+z = z. Now, according to pages 98 and 99 of [5] , if 5\{o} contained a nontrivial multiplicative group then z(5\{o}) would be isomorphic to it. Furthermore, zS is a subsemiring and z5 = z(5\ {0}) U {0}. Applying Theorem I, we see that zS can have only two points. Thus z(5\{0}) is a single point. Therefore 5\{o} is not only multiplicatively left simple but also it contains no nontrivial multiplicative subgroups. From Theorem 2.5 of [5] , we see that 5\{o} is multiplicatively idempotent. If p, g£5\{o} then there is an r in 5\{o} so that rq = p. Thus pq=(rq)q = r(qq) = rq=p. Finally, for any x in 5, we see that 0+x = x0+xz = x(0+z) = xz = x, i.e., 0 is an additive unit. Therefore 5 is as in Example I and we have (c). If neither e nor/ is 0 we have e(ex+/y) = ex+e/y = ex-\-ey = e(x-\-y) =e0 = 0 so ex+fy = 0. If either e or / is 0, clearly ex+/y = 0. Thus "t>((e, x) + (/, y))=0=$((e, x))+$((/, y)). In case x = y we have 4>((e, x)+(/, y)) =$((e+/, x)) =ex+/y =<i>((e, x)) +^((/i j))-Thus f> is an isomorphism and we have part (d). This concludes the proof.
As a trivial consequence of the above theorem we have the following:
Corollary.
If S is a compact connected additively commutative semiring which is multiplicatively left zero simple then 5+5 = 0.
